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Abstract
We mainly consider the system⎧⎨
⎩
−p(x)u = λf (x, v) in Ω,
−p(x)v = λg(x,u) in Ω,
u = v = 0 on ∂Ω,
where Ω ⊂ RN is a bounded domain, p(x) is a function which satisfies some conditions, −p(x)u =
−div(|∇u|p(x)−2∇u) is called p(x)-Laplacian. We give the existence of positive solutions under some
conditions. In particular, we do not assume radial symmetric conditions on the system.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
The study of differential equations and variational problems with nonstandard p(x)-growth
conditions is a new and interesting topic. It arises from nonlinear elasticity theory, electrorheo-
logical fluids, etc. (see [17,23]). Many results have been obtained on this kind of problems, for
example [1–3,6–13,16,18]. On the regularity of weak solutions for differential equations with
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592 Q. Zhang / J. Math. Anal. Appl. 333 (2007) 591–603nonstandard p(x)-growth conditions, we refer to [1–3,7,8]. In this paper, we consider the exis-
tence of positive solutions for the system
(P)
⎧⎨
⎩
−p(x)u = λf (x, v) in Ω,
−p(x)v = λg(x,u) in Ω,
u = v = 0 on ∂Ω,
where Ω ⊂ RN is a bounded domain, p(x) is a function which satisfies some conditions,
−p(x)u = −div(|∇u|p(x)−2∇u) is called p(x)-Laplacian. Especially, if p(x) ≡ p (a constant),
(P) is the well-known p-Laplacian system. There are many papers on this class of problems (see
[4,5,14,22]).
In [14], the authors consider the existence of positive weak solutions for the following
p-Laplacian problem:
(I)
⎧⎨
⎩
−pu = λf (v) in Ω,
−pv = λg(u) in Ω,
u = v = 0 on ∂Ω,
the first eigenfunction is used to constructing the subsolution of p-Laplacian problem success-
fully. On the condition of
lim
u→+∞
f [M(g(u))1/(p−1)]
up−1
= 0, for every M > 0,
the authors give the existence of positive solutions for problem (I).
In [5], the author considers the existence and nonexistence of positive weak solution to the
following quasilinear elliptic system:
(II)
⎧⎨
⎩
−pu = λf (u, v) = λuαvγ in Ω,
−qv = λg(u, v) = λuδvβ in Ω,
u = v = 0 on ∂Ω,
the first eigenfunction is used to constructing the subsolution of problem (II), the main results
are as follows:
(i) If α,β  0, γ, δ > 0, θ = (p − 1 −α)(q − 1 −β)− γ δ > 0, then problem (II) has a positive
weak solution for each λ > 0;
(ii) If θ = 0 and pγ = q(p − 1 − α), then there exists λ0 > 0 such that for 0 < λ < λ0, the
problem (II) has no nontrivial nonnegative weak solution.
Note that in problems (I) and (II), f and g are independent of the variable x, and the systems
are homogeneous. Since problems (I) and (II) are homogeneous, if Ω = B(0,R), in problems
(I) and (II), conditions “R is fixed” and “λ is sufficiently large” can be transformed into “λ = 1”
and “R is sufficiently large.” But it is invalid for problem (P).
Because of the nonhomogeneity of p(x)-Laplacian, p(x)-Laplacian problems are more
complicated than those of p-Laplacian, many methods for p-Laplacian are invalid for p(x)-
Laplacian; for example, if Ω is bounded, the Rayleigh quotient
λp(x) = inf
u∈W 1,p(x)(Ω)\{0}
∫
Ω
1
p(x)
|∇u|p(x) dx∫ 1 |u|p(x) dx
0 Ω p(x)
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that λp > 0 is very important in the study of p-Laplacian problems. On the p(x)-Laplacian
problems, maybe the first eigenvalue and the first eigenfunction of p(x)-Laplacian do not ex-
ist. Even if the first eigenfunction of p(x)-Laplacian exists, because of the nonhomogeneity of
p(x)-Laplacian, the first eigenfunction cannot be used to constructing the subsolution of p(x)-
Laplacian problems. In [22], the author discussed the existence of positive solutions of (P), when
the problem (P) is radial. In many cases, the radial symmetric conditions are effectively to deal
with p(x)-Laplacian problems. There are many results about the radial p(x)-Laplacian problems
(see [9,10,19–22]). Our aim is to give the existence of positive weak solutions for problem (P)
without radial symmetric conditions. Through a new method to constructing sub-supersolution,
this paper gives the existence of positive weak solutions for problem (P) via sub-supersolution
method. Our results partially generalize the results of [4,5,14,22].
2. Preliminary
In order to deal with p(x)-Laplacian problem, we need some theoretical results on spaces
Lp(x)(Ω), W 1,p(x)(Ω) and properties of p(x)-Laplacian which we will use later (see [6,15,18]).
Let Ω be an open domain. Throughout the paper, assume that p ∈ C1(RN) and 2 
infx∈RN p(x) supx∈RN p(x) < N . Write
C+(Ω) =
{
h
∣∣ h ∈ C(Ω), h(x) > 1 for x ∈ Ω},
Lp(x)(Ω) =
{
u
∣∣∣ u is a measurable real-valued function, ∫
Ω
∣∣u(x)∣∣p(x) dx < ∞}.
We can introduce the norm on Lp(x)(Ω) by
|u|p(x) = inf
{
λ > 0
∣∣∣ ∫
Ω
∣∣∣∣u(x)λ
∣∣∣∣
p(x)
dx  1
}
,
and (Lp(x)(Ω), | · |p(x)) becomes a Banach space, we call it generalized Lebesgue space.
The space (Lp(x)(Ω), | · |p(x)) is a separable, reflexive and uniform convex Banach space (see
[6, Theorems 1.10, 1.14]).
The space W 1,p(x)(Ω) is defined by
W 1,p(x)(Ω) = {u ∈ Lp(x)(Ω) ∣∣ |∇u| ∈ Lp(x)(Ω)},
and it can be equipped with the norm
‖u‖ = |u|p(x) + |∇u|p(x), ∀u ∈ W 1,p(x)(Ω).
We denote by W 1,p(x)0 (Ω) the closure of C
∞
0 (Ω) in W
1,p(x)(Ω). W 1,p(x)(Ω) and W 1,p(x)0 (Ω)
are separable, reflexive and uniform convex Banach spaces (see [6, Theorem 2.1]). We define
(
L(u), v
)= ∫
RN
|∇u|p(x)−2∇u∇v dx, ∀v,u ∈ W 1,p(x)(Ω),
then L :W 1,p(x)(Ω) → (W 1,p(x)(Ω))∗ is a continuous, bounded and strictly monotone operator,
and it is a homeomorphism (see [11, Theorem 3.1]).
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⎪⎪⎪⎪⎩
∫
Ω
|∇u|p(x)−2∇u∇wdx =
∫
Ω
λf (x, v)w dx, ∀w ∈ W 1,p(x)0 (Ω),
∫
Ω
|∇v|p(x)−2∇v∇wdx =
∫
Ω
λg(x,u)w dx, ∀w ∈ W 1,p(x)0 (Ω).
3. Main results and proofs
Throughout the paper, we denote by (x1, . . . , xN) the coordinate of x in RN , where xi are real
numbers. We denote
ρ = ρ(x) = ρ(x1, . . . , xN) =
√√√√ N∑
i=1
x2i
a2i
,
where a1  · · · aN are constants.
At first, we consider the existence of the positive solutions of the simple case of (P)
(P1)
⎧⎨
⎩
−p(x)u = λf (v) in Ω,
−p(x)v = λg(u) in Ω,
u = v = 0 on ∂Ω.
We make the following assumptions:
(H1) Ω = {x ∈RN | ρ(x) < R} is a elliptic domain, where R is a positive constant;
(H2) p(x) is a function with elliptic symmetry which satisfies
2 p−∗  p+∗ < N, sup
x∈Ω
∣∣∇p(x)∣∣< ∞,
where p−∗ = infΩ p(x) and p+∗ = supΩ p(x), p(ρ) is monotone with respect to ρ;
(H3) f,g : [0,+∞) →R are C1, monotone functions such that
lim
u→+∞f (u) = limu→+∞g(u) = +∞;
(H4) For any positive constant M ,
lim
u→+∞
f {M[g(u)]1/(p−∗ −1)}
up
−∗ −1
= 0.
We shall establish:
Theorem 1. If (H1)–(H4) hold, then there exists a λ∗ which is sufficiently large, such that (P1)
possesses a positive solution for any λ λ∗.
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solution (z1, z2) of (P1) such that φ1  z1 and φ2  z2. That is, (φ1, φ2) and (z1, z2) satisfy⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
∫
Ω
|∇φ1|p(x)−2∇φ1 · ∇q dx 
∫
Ω
f (φ2)q dx,
∫
Ω
|∇φ2|p(x)−2∇φ2 · ∇q dx 
∫
Ω
g(φ1)q dx,
and ⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
∫
Ω
|∇z1|p(x)−2∇z1 · ∇q dx 
∫
Ω
f (z2)q dx,
∫
Ω
|∇z2|p(x)−2∇z2 · ∇q dx 
∫
Ω
g(z1)q dx,
for all q ∈ W 1,p(x)0 (Ω) with q  0. Then (P1) has a positive solution.
We only prove Theorem 1 in the case of p′(ρ) 0 for any ρ ∈ [0,R]. The case of p′(ρ) 0
for any ρ ∈ [0,R] is similar. Without loss of generality, we may assume that
1 a1  · · · aN . (1)
Step 1. We construct a subsolution of (P1).
Let β  R4 and∣∣p(ρ1) − p(ρ2)∣∣ 13 , ∀ρ1, ρ2 ∈ [R − 2β,R]. (2)
We denote
p+ = sup
R−2βρR
p(ρ), p− = inf
R−2βρRp(ρ), (3)
ω = max{∣∣f (0)∣∣, ∣∣g(0)∣∣,1}, δ = min{ 1
a
p+
N
infp(x) − 1
4(sup |∇p(x)| + 1) ,1
}
.
Let τ ∈ (0, β], and set
φ(ρ) =
⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
e−k(ρ−R) − 1, R − τ < ρ R,
eτk − 1 + ∫ R−τ
ρ
(keτk)
p(R−τ )−1
p(r)−1 [sin(ε(r − (R − τ)) + π2 )]
1
p(r)−1 dr,
R − 2β < ρ R − τ,
eτk − 1 + ∫ R−τ
R−2β(ke
τk)
p(R−τ )−1
p(r)−1 [sin(ε(r − (R − τ)) + π2 )]
1
p(r)−1 dr,
r R − 2β,
where ε = π2(2β−τ) satisfies
ε
(
R − 2β − (R − τ))+ π
2
= 0, π
4β
 ε  π
2β
.
In the following, we will prove that (φ,φ) is a subsolution for (P1).
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φ′(ρ) =
⎧⎪⎨
⎪⎩
−ke−k(ρ−R), R − τ < ρ R,
−(keτk) p(R−τ )−1p(ρ)−1 [sin(ε(ρ − (R − τ)) + π2 )]
1
p(ρ)−1 , R − 2β < ρ R − τ,
0, ρ R − 2β,
then
φ(x) = φ(ρ(x))= φ
(√√√√ N∑
i=1
x2i
a2i
)
∈ C1(Ω).
Obviously, ∇ρ = ( x1
a21ρ
, . . . ,
xN
a2Nρ
). Let η(x) =
√∑N
i=1
x2i
a4i ρ
2(x)
. Then
∣∣∇φ(x)∣∣p(ρ)−2∇φ(x) =
⎧⎪⎪⎨
⎪⎪⎩
[ke−k(ρ−R)]p(ρ)−1[η(x)]p(ρ)−2∇ρ, R − τ < ρ R,
{(keτk)p(R−τ)−1 sin[ε(ρ − (R − τ)) + π2 ]}[η(x)]p(ρ)−2∇ρ,
R − 2β < ρ R − τ,
0, ρ R − 2β.
By computation
div
{[
η(x)
]p(ρ)−2∇ρ}
= [η(x)]p(ρ)−4(p(ρ) − 2) 1
2ρ5
N∑
i,j=1
x2i x
2
j
a4i a
4
j
(
aj
ai
− ai
aj
)2
+ [η(x)]p(ρ)[lnη(x)]p′(ρ) + [η(x)]p(ρ)−2 1
ρ3
N∑
i=1
x2i
a2i
(∑
j =i
1
a2j
)
. (4)
Obviously, for any x = (x1, . . . , xN) ∈ Ω , we have
1
aN
 η(x) 1
a1
 1, (5)
N − 1
a2Nρ
 1
ρ3
N∑
i=1
x2i
a2i
(∑
j =i
1
a2j
)
 N − 1
a21ρ
,
0
[
η(x)
]p(ρ)−4 p(ρ) − 2
ρ5
∑
j =i
x2i x
2
j
a4i a
4
j
(
aj
ai
− ai
aj
)2
 p(ρ)N
2
ρa
p(ρ)
1
a2N
a21
(
aN
a1
− a1
aN
)2
.
Since R2  ρ, there exists a positive constant C∗ = C∗(ai,R,p) such that∣∣div{[η(x)]p(ρ)−2∇ρ}∣∣ C∗.
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−p(x)φ(x) =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
[ke−k(ρ−R)]p(ρ)−1{−k(p(ρ)−1)
+p′(ρ) ln k−kp′(ρ)(ρ −R)}[η(x)]p(ρ)
+ (ke−k(ρ−R))p(ρ)−1 div{[η(x)]p(ρ)−2∇ρ}, R − τ < ρ R,
ε(keτk)(p(R−τ)−1)[η(x)]p(ρ) cos(ε(ρ − (R− τ)) + π2 )
+{(keτk)(p(R−τ)−1) sin[ε(ρ − (R− τ))+ π2 ]})div{[η(x)]p(ρ)−2∇ρ},
R − 2β < ρ < R − τ,
0, ρ < R − 2β.
Obviously, there exists a positive constant k∗ such that, when k  k∗, for any ρ ∈ (R − τ,R),
we have
−p(x)φ(x)−kp(ρ)
{
infp(x) − 1 − C∗
k
−
(
ln k
k
+ R − ρ
)
sup
ρ∈[0,R]
∣∣p′(ρ)∣∣}[η(x)]p(ρ)
−kp(ρ)δ.
If λ satisfies
kp
−
δ = λω, (6)
since φ(x) 0 and f is monotone, we have
−div(∣∣∇φ(x)∣∣p(x)−2∇φ(x)) λf (0) λf (φ), R − τ < ρ R. (7)
From (H3), there exists a positive constant M such that
f (M − 1) 1 and g(M − 1) 1. (8)
Let
τk = lnM. (9)
When ρ ∈ (R − 2β,R − τ), we have
−p(x)φ(x) = ε
(
keτk
)(p(R−τ)−1)[
η(x)
]p(ρ)
cos
[
ε
(
ρ − (R − τ))+ π
2
]
+
{(
keτk
)(p(R−τ)−1)
sin
[
ε
(
ρ − (R − τ))+ π
2
]}
div
{[
η(x)
]p(ρ)−2∇ρ}.
If (
keτk
)(p+−1)
(ε + C∗) λ, (10)
then we have
−p(x)φ(x) λ λf (φ), R − 2β < ρ < R − τ. (11)
Obviously
−p(x)φ(x) = 0 λ λf (φ), ρ < R − 2β. (12)
Combining (6), (9) and (10), we only need
(ε + C∗)
∣∣∣∣ωλ
∣∣∣∣
p+−1
p−
M(p
+−1)  λ.δ
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p− − p+ + 1 1
2
.
According to (2) and (3), we only need
[
(ε + C∗)M(p+−1)
∣∣∣∣ωδ
∣∣∣∣
p+−1
p−
]2p−
 λ,
then (6), (9) and (10) are satisfied.
Let
λ∗ = max
{[
(ε + C∗)M(p+−1)
∣∣∣∣ωδ
∣∣∣∣
p+−1
p−
]2p−
,
k
p−∗ δ
ω
}
.
If λ λ∗, then (7), (11) and (12) are satisfied.
Since φ(x) ∈ C1(Ω), according to (7), (11) and (12), it is easy to see that (φ1, φ2) = (φ,φ) is
a subsolution of (P1).
Step 2. We construct a supersolution of (P1).
Now we consider the function
w = wμ =
R∫
ρ
[
2(aN)p
+∗ μr
] 1
p(r)−1 dr.
It is easy to see that
∇w = −[2(aN)p+∗ μρ] 1p(ρ)−1 ∇ρ.
Since p(ρ) 2 and p′(ρ) 0, according to (5), we have
−p(x)wμ = −div
(|∇wμ|p(ρ)−2∇wμ)= div{2(aN)p+∗ μρ[η(x)]p(ρ)−2∇ρ}
= 2(aN)p+∗ μ
[
η(x)
]p(ρ) + 2(aN)p+∗ μρ[η(x)]p(ρ)−2 1
ρ3
N∑
i=1
x2i
a2i
(∑
j =i
1
a2j
)
+ 2(aN)p+∗ μρ
(
lnη(x)
)[
η(x)
]p(ρ)
p′(ρ)
+ (aN)p+∗ μρ
[
η(x)
]p(ρ)−4(
p(ρ) − 2) 1
ρ5
∑
j =i
x2i x
2
j
a4i a
4
j
(
aj
ai
− ai
aj
)2
 2(aN)p
+∗ μ
1
2(aN)p(ρ)
 μ > 0.
Let β(μ) = maxwμ(ρ). Obviously, there exists a ξ ∈ [0,R] such that
β(μ) =
R∫
0
[
2(aN)p
+∗ μr
] 1
p(r)−1 dr = μ 1p(ξ)−1
R∫
0
[
2(aN)p
+∗ r
] 1
p(r)−1 dr.
When μ is sufficiently large, then there exists a positive constant C such that
1
μ
1
p
+∗ −1  β(μ)Cμ
1
p
−∗ −1 . (13)C
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z1 = wλμ, z2 = wλg(β(λμ)).
We consider (z1, z2), then we have∫
Ω
|∇z2|p(x)−2∇z2 · ∇q dx =
∫
Ω
−p(x)z2q dx 
∫
Ω
λg
(
β(λμ)
)
q dx  λ
∫
Ω
g(z1)q dx,
(14)
where β(λμ) = maxwλμ.
Since limu→+∞ f {M[g(u)]1/(p−∗ −1)}/up−∗ −1 = 0, when μ is sufficiently large, according
to (13), we have
μ 1
λ
[
1
C
β(λμ)
]p−∗ −1
 f
{
C
[
λg
(
β(λμ)
)]1/(p−∗ −1)}.
According to (13), we have∫
Ω
|∇z1|p(x)−2∇z1 · ∇q dx 
∫
Ω
λμq dx 
∫
Ω
λf
{
C
[
λg
(
β(λμ)
)]1/(p−∗ −1)}q dx
 λ
∫
Ω
f (z2)q dx. (15)
According to (14) and (15), we can conclude that (z1, z2) is a supersolution for (P1). Since
φ1, φ2, z1, z2 ∈ C10(Ω),
z′1(ρ) = −
[
2(aN)p
+∗ λμρ
] 1
p(ρ)−1 ,
z′2(ρ) = −
{
2(aN)p
+∗ λg
[
β(λμ)
]
ρ
} 1
p(ρ)−1 . (16)
When μ is sufficiently large, according to (13), it is easy to see that φ1  z1 and φ2  z2.
If (1) is false, we may let bi = aia1 (i = 1, . . . ,N), then 1 b1  · · · bN . We denote
ρ∗ = ρ∗(x) = ρ∗(x1, . . . , xN) =
√√√√ N∑
i=1
x2i
b2i
,
then ρ∗ = a1ρ. Similarly to the proof of the above, we can get the existence of positive weak
solutions of (P1). This completes the proof. 
Note 1. In Theorem 1, if
Ω =
{
(x1, . . . , xN)
∣∣∣R1 <
√√√√ N∑
i=1
x2i
a2i
< R2
}
(0 < R1 < R2),
then there exists a λ∗ which is sufficiently large, such that (P1) possesses a positive solution for
any λ λ∗.
Let us consider the following problem:
(P2)
⎧⎨
⎩
−p(x)u = λ
[
h1(x)|u|b1(x) + d1(x)
]
in Ω,
−p(x)v = λ
[
h2(x)|u|b2(x) + d2(x)
]
in Ω,
u = v = 0 on ∂Ω.
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such that (P2) possesses a positive solution for any λ λ∗.
Proof. The proof is similar to the proof of Theorem 1. 
On the problem (P1), there are two cases:
(10) R is fixed and λ is sufficiently large,
(20) λ = 1 and R is sufficiently large.
For the p-Laplacian problems, because of the homogeneity of p-Laplacian, cases (10)
and (20) are equivalent. Because of the nonhomogeneity of p(x)-Laplacian, it is necessary to
investigate (P1) in the case (20) separately. Let us consider the following problem:
(P3)
⎧⎨
⎩
−p(x)u = f (v) in Ω,
−p(x)v = g(u) in Ω,
u = v = 0 on ∂Ω.
(H′2) p(x) = p(ρ(x)) ∈ C1(RN) is a ellipse symmetric function which satisfies
2 p−#  p
+
# < N, sup
RN
∣∣∇p(x)∣∣< ∞,
where p−# = infRN p(x) and p+# = supRN p(x), p(ρ) is monotone with respect to ρ.
Theorem 3. If (H1), (H′2), (H3) and (H4) hold, then (P3) has a positive solution, when R is
sufficiently large.
Proof. We only prove Theorem 1 in the case of p′(ρ)  0 for any ρ ∈ [0,R]. The case of
p′(ρ) 0 for any ρ ∈ [0,R] is similar. Without loss of generality, we may assume that
a1  · · · aN  1. (17)
Step 1. We construct a subsolution of (P3).
Denote
δ = min
{
infp(x) − 1
4(sup |∇p(x)| + 1) ,1
}
, ω = max{∣∣f (0)∣∣, ∣∣g(0)∣∣,1}.
Let
φ(ρ) =
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
e−k(ρ−R) − 1, R − τ < ρ R,
eτk − 1 + ∫ R−τ
ρ
[keτk] p(R−τ )−1p(r)−1 [sin(ε(r − (R − τ)) + π2 )]
1
p(r)−1 dr,
R
2 < ρ R − τ,
eτk − 1 + ∫ R−τR
2
[keτk] p(R−τ )−1p(r)−1 [sin(ε(r − (R − τ)) + π2 )]
1
p(r)−1 dr, ρ  R2 ,
where τ ∈ (0, δ] is a positive constant and
ε = π
2((R − τ) − R ) .2
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Similarly to the proof of Theorem 1, φ ∈ C1([0,R]), φ(x) = φ(ρ(x)) ∈ C1(Ω).
Note that δ is a constant only depending on p(x). When R−τ < ρ < R, there exists a positive
constant k∗ such that, when k  k∗, we have
−p(x)φ −k
(
ke−k(ρ−R)
)p(ρ)−1[ inf
x∈Ω p(x) − 1 − p
′(ρ) ln k + kp′(ρ)(ρ − R)
] 1
(aN)p(ρ)
+ (ke−k(ρ−R))p(ρ)−1[N − 1
ρap(ρ)
+ (p(ρ) − 2)N
2
ρap(ρ)
(
a2N
a21
− a1
aN
)2 ]
−
(
k
aN
)p(ρ)
δ −ω.
Since φ(x) 0 and f is monotone, it means that
−p(x)φ  f (0) f (φ), R − τ < ρ R. (18)
If k  lnM
τ
, where M is defined in (8), then
f
(
eτk − 1) 1 and g(eτk − 1) 1.
By computation, when ρ ∈ (R2 ,R − τ), we have
−p(x)φ(x) = ε
(
keτk
)(p(R−τ)−1)[
η(x)
]p(ρ)
cos
[
ε
(
ρ − (R − τ))+ π
2
]
+
{(
keτk
)(p(R−τ)−1)
sin
[
ε
(
ρ − (R − τ))+ π
2
]}
div
{[
η(x)
]p(ρ)−2∇ρ}.
(19)
From (4) and (H′2), since [lnη(x)]p′(ρ) 0, we have
div
{[
η(x)
]p(ρ)−2∇ρ} 1
ρ
[N + N2( a2N
a21
− a1
aN
)2p+# ]
(a1)p(ρ)
. (20)
From (20), we have
(
keτk
)(p(R−τ)−1) div{[η(x)]p(ρ)−2∇ρ} 2
R
[N + N2( a2N
a21
− a1
aN
)2p+](Mk)p+# −1
(a1)p(ρ)
.
If R is sufficiently large, for any ρ ∈ (R2 ,R − τ), then we have{(
keτk
)(p(R−τ)−1)
sin
[
ε
(
ρ − (R − τ))+ π
2
]}
div
{[
η(x)
]p(ρ)−2∇ρ} 1
2
. (21)
Let
ε = 2−1k−p+# M−p+# ,
then we have
ε
(
keτk
)(p(R−τ)−1)[
η(x)
]p(ρ)
cos
[
ε
(
ρ − (R − τ))+ π ] 1 . (22)2 2
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−p(x)φ  1 f (φ), R2 < ρ < R − τ. (23)
Obviously
−p(x)φ = 0 1 f (φ), ρ < R2 . (24)
Since φ(x) ∈ C1(Ω), combining (18), (23) and (24), we have
−p(x)φ  f (φ), for a.e. x ∈ Ω.
Similarly, we have
−p(x)φ  g(φ), for a.e. x ∈ Ω.
Let (φ1, φ2)=(φ,φ), since φ(x) ∈ C1(Ω), it is easy to see that (φ1, φ2) is a subsolution of (P3).
Step 2. We construct a supersolution for (P3).
Similarly to the proof of Theorem 1, denote
z1 = wμ, z2 = wg(β(μ)),
then it is easy to see that (z1, z2) is a supersolution for (P3).
When μ is sufficiently large, from (13), (16) and the definition of (φ1, φ2), it is easy to see
that φ1  z1 and φ2  z2.
If (17) is false, we may let bi = aiaN (i = 1, . . . ,N), then b1  · · · bN  1. We denote
ρ∗ = ρ∗(x) = ρ∗(x1, . . . , xN) =
√√√√ N∑
i=1
x2i
b2i
,
then ρ∗ = aNρ. Similarly to the proof of the above, we can get the existence of positive weak
solutions of (P3). This completes the proof. 
Note 2. In Theorem 3, if
Ω =
{
(x1, . . . , xN)
∣∣∣R1 <
√√√√ N∑
i=1
x2i
a2i
< R2
}
(0 < R1 < R2),
then there exists an R∗ which is sufficiently large, such that (P3) possesses a positive solution
for any R2 R∗.
Let us consider the following problem:
(P4)
⎧⎨
⎩
−p(x)u = h1(x)|u|b1(x) + d1(x) in Ω,
−p(x)v = h2(x)|u|b2(x) + d2(x) in Ω,
u = v = 0 on ∂Ω.
Similarly to the proof of Theorem 3, we have
Theorem 4. If hi(x), bi(x), di(x) ∈ C(RN), hi(·) and bi(·) are positive bounded functions
(where i = 1,2), and supx∈RN [b1(x)] supx∈RN [b2(x)] < (infx∈RN p(x) − 1)2. On the conditions
of Theorem 3, there exists an R∗ which is sufficiently large, such that (P4) possesses a positive
solution for any R2 R∗.
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